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^ ■ 1 Introduction 

^ I 1.1. Let X be a proper smooth variety over a field k of cliaracteristic 0, and let Alb(X) be 

^ ' the Albanese variety of X. In the work |Ruj . the second author constructed generalized 
Albanese varieties Albjp(X), which are commutative connected algebraic groups over k 
with surjective homomorphisms Albjp(X) — >■ Alb(X) (see section[5]for a review). liY is an 
effective divisor on X, a special case of Albjc-(X) becomes the generalized Albanese variety 
AVo{X,Y) of X of modulus Y (cf. section [S]). This is a higher dimensional analogue of 
the generalized Jacobian variety with modulus of Rosenlicht-Serre. Note that the divisor 
^ ' Y can have multiplicity, and so the algebraic group Alb(X, Y) can have an additive part. 
^ ■ Assume now k = C The purpose of this paper is to give Hodge theoretic presentations 

O '■ (Thm. OD of Alb (X, F ) . 

O I The case Y has no multiplicity was studied in the work [BaS] of Barbieri-Viale and 

^ I Srinivas. A Hodge theoretic presentation of a generalized Albanese variety in the case 
without modulus but allowing the singularity of X was given in the work |ESVj of Esnault, 
O ■ Srinivas and Viehweg. 



1.2. First we review the curve case. Let X be a proper smooth curve over C and let Y 
1^ ! be an effective divisor on X. In this case, the Albanese variety Alb(X, Y) of X relative 
I to Y coincides with the generalized Jacobian variety J(X, Y) of X relative to Y. In the 
following, we will write the complex analytic space associated to X simply by X, and the 
sheaf of holomorphic functions on it by Ox- Let I = Ker(Cx — ^ Oy) be the ideal of Ox 
which defines Y. The cohomology below is for the topology of the analytic space X (not 
for Zariski topology). 

The generalized Jacobian variety J(X, Y) is the kernel of the degree map Pic(X, Y) 
Z where Pic(X, Y) = H\X, Ker(0^ ^ O^)). Let j : X -Y — ^ X be the inclusion map 
and let j!Z(l) be the 0-extension of the constant sheaf Z(l) of X — F to X. (For r G Z, 
Z(r) denotes Z(27rz)'' as usual.) Then we have an exact sequence 

— ^ j,Z(l) — > / ^ KeT{0^ ^O^)^0 

and hence we have an isomorphism 

(1) Pic{X,Y) = H\X,[jiZ{l)^I]). 

Here in the complex [j!Z(l) — ^ /], is put in degree 0. 
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We have another presentation of J{X, Y) given in (2) below. Let Ji be the ideal of Ox 
which defines the reduced part of Y and let J = J/f ^ C Ox- Note that the composition 
of the two inclusion maps of complexes 

[/ ^ m],] [/ ^ n],] [h ^ n],] 

is a quasi-isomorphism. Hence we have an isomorphism in the derived category 

[i^n],] = [h^nl,](B{nl,/jn],)[-i]. 

Since j\C — > [Ii —>■ Qx] is a quasi-isomorphism, we have an exact sequence 

(2) i7°(X, n]^) — > Hl{X - Y, C/Z(l)) © H^{X, Vl\/J9}x) — > J{X, Y) — ^ 0. 

(Here He is the cohomology with compact supports.) 

1.3. Now let X be a proper smooth variety over C of dimension n and let Y be an effective 
divisor on X. 

Again in the following theorem, cohomology groups are for the topology of the complex 
analytic spaces, and the notation O and fl stand for analytic sheaves. 

Let I be the ideal of Ox which defines Y, let Ji be the ideal of Ox which defines the 
reduced part of Y, and let J = J/f ^ C Ox- 

Theorem 1.4. (1) We have an exact sequence 

— > Alb(X, Y) — > H^'^iX, Vx,Y{n)) ^ Z — > 0, 

where for r G Z, Vx,Y{r) denotes the kernel of the surjective homomorphism of complexes 
T^xi'f') T^Y{f) with Dx{r) the Deligne complex 

[z(r) ^Ox^n],^...^ n^x'] 

and T>Y{r) the similar complex 

[Z(r)y ^Oy^n'y^...^ n'y-^]. 

(2) We have an exact sequence 
H'^-\X,Q'^) — > H^''~\X -Y,Cmn))®H''-\X,Q'j./jn^) — > Alh{X,Y) — > 0. 

Note that the case n = 1 of Thm. 11.41 (1) (resp. (2)) becomes the presentation of 
J(X,F) given by (1) (resp. (2)) inO 
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Remark 1.5. We give some remarks on this theorem. 

(a) The case F = of Thm. 11.41 (1) is nothing but the well known exact sequence 

(3) ^ Alb(X) H^'^iX, Vx{n)) ^ Z 

by using the Deligne cohomology H'^"'{X,Vx{n)). (Usually the Deligne cohomology 
H'^iX^Vxir)) is denoted by Z(r)).) 

The case F = of Thm. 11.41 (2) is nothing but the usual presentation 

(4) Alb(X) = HzXHc/F'^Hc 

of the Albanese variety Alb(X) of X, where {Hz, He, F*) is the following Hodge structure 
of weight -1. Hz = H^''-\X,Z{n))/ {torsion part), He = C®zHz = H'^''-\X,n'j^), and 
F' is the Hodge filtration on He defined as 

F-^ = He, F° = fi^), F^ = 0. 

(b) Recall that the presentations (3) and (4) of Alb(X) are related as follows. Consider 
the exact sequence of complexes — » 1] — Vx{n) Z(n) — > 0, where 
denotes the part of degree < n — 1 of the de Rham complex Vfx, which is actually a 
quotient complex of Q\. By taking the cohomology associated to this exact sequence, we 
have an exact sequence 

if2"-i(x,Z(n)) — > H^'''\X,Q.f~^) — > Hl\X,Z{n)) ^ Z — . 0. 

Since 

^ H^'^~\X,Q.\)/H''~\X,n\) = H^''~\X,C)/H''~\X,Q'^), 

the exact sequence (4) is equivalent to (3). 

(c) (1) and (2) of Thm. 11.41 are related similarly. Let S be the subcomplex of the de 
Rham complex Q'j^ of X defined by = Ker((]^ ^ fi^) for < p < n - 1 and 5" = n^. 
Then Thm. 11.41 (1) is equivalent to 

Alb(X,r) = Hj\H^''~\X, S)/W~\X,Vl\) 

where Hz = H^^'^{X — Y, Z{n))/ (torsion part). As is shown in § [6l we have a commu- 
tative diagram with an isomorphism in the lower row 

H''-\X,n'^) = i7"-i(X,fi^) 

i i 
H'^''-\X,S) ^ H^'^-^X -Y,C)®H''-\X,n'}^/jn'}^). 

Thus (1) and (2) of Thm. 11.41 are deduced from each other. 
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1.6. As mentioned above, Thm. 11.41 shows that Alb(X, y) is expressed as H-i\Hy / 
where: 

Hj^ = H^"-\X - Y, Z(n))/(torsion part), 

Hv = Hc® H"-\X, n\/m\) ^ H^^'-^X, S) 
{He = 'C® Hi and S is as in 1.5 (d)), 

F' is the decreasing fihration on Hy given by 

= Hv, F° = H''-\X, fi^), F^ = 0. 

Note that Hy can be different from Hq here, and so {H^, Hy, F*) here need not be 
a Hodge structure. It is some kind of "mixed Hodge structure with additive part". This 
object [H^, Hy, F') with a weight filtration, which we will denote by y_)(n) 
in section [6l belongs to a category H introduced in section [2] which contains the cate- 
gory of mixed Hodge structures but is bigger than it. In the proof of Thm. 11.41 it is 
essential to consider such object. This category H is related to the category of refined 
Hodge structures of Bloch-Srinivas [BIS] and to the category of formal Hodge structures 
of Barbieri-Viale |Baj . In the proof of Thm. II. 4^ we use the result of Barbieri-Viale in 
[Baj on the Hodge theoretic description of the category of "1-motives with additive parts" 
over C. 

1.7. The theory of generalized Albanese variety in characteristic p > is given in |Ru3j 
basing on the duality theory |Ru2] of 1-motives with unipotent parts in characteristic 
p > 0. 

In characteristic p > 0, the syntomic cohomology is an analogue of the Deligne 
cohomology. We expect that we can have presentations of the p-adic completion of 
AVo{X, Y){k) [k is the base field), which is similar to Thm. II. 4^ by using crystalline 
cohomology theory and syntomic cohomology theory. 

We are thankful to Professor Helene Esnault for advice. 

2 Mixed Hodge structures with additive parts 

2.1. For a proper smooth variety X over C of dimension n and for an effective divisor 
Y on X, we will have in section [6] certain structures H^{X,Y^) and K_) which 
are kinds of "mixed Hodge structures with additive parts". (These structures for the 
case X is a curve are explained in 12.31 below.) The authors imagine that there is a nice 
definition of the category of "mixed Hodge structures with additive parts" , which contains 
these H^{X, Y^) and H'^"-~^{X, y_) as objects, but can not define it. Instead, we define a 
category Ti having these objects, which may be a very simple approximation of such nice 
category. 

2.2. The category H. An object oi H is H = {H^, Hy, W,Hq, W,Hy, F'Hy, a, 6), where 
Hi is a finitely generated Z-module, Hy is a finite dimensional C-vector space, W,Hq is 
an increasing filtration on Hq := Q^H^ (called weight filtration), W,Hy is an increasing 
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filtration on Hy (called weight filtration), F* is a decreasing filtration on Hy (called Hodge 
filtration), a is a C-linear map Hq := C ® Hy which sends W^Hc := C ®q W^jIIq 

into Wu)Hy for any w G Z, and 6 is a C-linear map Hy — ^ which sends W^Hy into 
WwHc for any w E Z such that 6 o a is the identity map of Hq- 
We sometimes denote an object H of H simply as {Hz, Hy). 

The category of mixed Hodge structures is naturally embedded in 7i as a full subcat- 
egory, by putting Hy = H^- 

The full subcategory of Ti consisting of all objects H such that Hi are torsion free is 
clearly self-dual. 

This category is a simpler version of the category of enriched Hodge structures in 
Bloch-Srinivas |B1S] . 

2.3. Example. Let X be a proper smooth curve over C and let Y be an effective divisor 
on X. Let / be the ideal of Ox which defines F, let /i be the ideal of Ox which defines 
the reduced part of F, and let J = 11^^ C Ox- 

We define objects H\X, Y+) and H^{X, K.) of H. 

First, we define H = H\X,Y+). Let 

Hz = H\X - r,Z), Hy = H\X, [Ox ^ r'^x])- 
The map a : He — ^ Hy is 

H\x -YX) = H\x, [Ox ^ h\x, [Ox ^ r'n],]). 

The map b : Hy Hq is the composition 

H\x, [Ox - i-'n],]) H\x, [J-' ^ i-'n],]) ^ H\x, [Ox ^ ir'nx]) 

= H\X -YX)- 

The weight filtrations and the Hodge filtration are given by 

W2HQ = Hq, WiHq = H' (X, Q) , WoHq = 0, 

W^Hy = Hy, WiHy = H\X, C), W^Hy = 0, 

where H^ {X, C) is embedded in Hy via a, and 

F'^Hy = Hy, F^Hy = H\X, C), F'^Hc = 0. 
Next, we define H = H\X, Yl). Let 

Hz = Hl{X - y,Z), Hy = H\X, [I ^ n],]). 
The map a : H^ —>■ Hy is the composition 

Hlix - r,c) - H\x, [h ^ n],]) ^ H\x, [I m\]) ^ h\x, [i -> 

The map h : Hy H^ is 

H\X, [I n],]) ^ H\X, [h ^ n'x]) = Hl{X - Y,C). 
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The weight filtrations and the Hodge filtration are given by 



W,Hq = Hq, WoHq = KeriHQ ^ H\X, Q), W.^Hq = 0, 

W,Hv = Hv, WqHv = KeiiHv ^ H\X, C)), W^iHy = 0, 
where [X, C) is regarded as quotient of Hy via b, and 

F^'Hv = Hv, F'Hy = KeiiHv ^ H\X, Ox)), F^Hc = 0. 

Then we have exact sequences in H 

— > H\X) — > H\X,Y+) — > H\Y){-1) — > Z(-l) — > 0, 

— >Z — > H'^{Y) — > H\X, Y_) — > H\X) — > 0. 

Here for r G Z, Z(r) is the usual Hodge structure Z(r) regarded as an object of Ti. 
H^{X) is also the usual Hodge structure of weight 1 associated to the first cohomology 
of X, regarded as an object of H. Finally the object H^{Y) of H is defined as below, and 
H°(Y){-1) is the -1 Tate twist. 

The definition oi H = H^{Y) is as follows. H-^ = H^{Y,Z) = ®y&Z. Hy = 
H^{Y,Oy)- cl is the canonical map H^{Y,C) — » H^{Y,Oy)- b is the canonical map 
H^{Y, Oy) H^{Y, C) given by Oy ^ C which is Oy,^ ^ Oy^y/niy = C at each y eY 
{rriy denotes the maximal ideal of Oy^y). The weight filtration and the Hodge filtration 
are given by 

WoH = H, W-iH = 0, 

F^Hy = Hy, F^Hy = 0. 

Note that He — > Hy can be like C C[T]/(T"), and need not be an isomorphism. 
The evident self-duality Hom( , Z) for torsion free objects in Ti. induces 

H\X,Y^) =UQm{H\X,Y+),Z){-l). 



3 1-motives with additive parts 

In |Laj . Laumon formulated the notion "1-motive with additive part" over a field of 
characteristic 0. We review it assuming that the base field is algebraically closed for 
simplicity. 

Fix an algebraically closed field k of characteristic 0. 

3.1. Let Ab/khe the category of sheaves of abelian groups on the fppf-site of the category 
of affine schemes over k. Let C^~^'^^{Ab/k) be the abelian category of complexes in Ab/k 
concentrated in degrees —1 and 0. 

A 1-motive with additive part over k is an object oi6-^^^\Ab/k) of the form [T ^ G], 
where G is a commutative connected algebraic group over k and JF = Z* © (Ga)* for some 
t and s. (Cf. |Lal Def. (5.1.1)].) Here Z is regarded as a constant sheaf and Ga denotes 
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the formal completion of the additive group Ga at 0. Recall that for any commutative 
ring R, Ga{R) is the subgroup of the additive group R consisting of all nilpotent elements. 
We have JF = jF^t © ^inf where J-'et is the etale part of J-' which corresponds to in the 
above isomorphism and J-'i^t is the infinitesimal part of J-' which corresponds to (Ga)**. 
We denote the category of 1-motives with additive parts over k by Aii. 

3.2. The category A^i admits a notion of duality (called "Cartier duality"). Let [JF G] 
be a 1-motive with additive part over k. Then we have the "Cartier dual" [JF* G*] of 
[JF G] which is an object of A^i obtained as follows. Let O^L^G^A^Ohe the 
canonical decomposition of G as an extension of an abelian variety A by a commutative 
connected affine algebraic group L. Note that L = {GmY © (Ga)'^ for some t and s. We 
have 

JF* = Hom_4^/fc(L,Gm), G* = ^xt^i-i,o](^Ab/k)(l^ ~^ A],'^m) 
and the homomorphism JF* — > G* is the connecting homomorphism 

EomAb/kiL, Gm) — > E2rt^[„i^o](^b/fc)([^ ^ A], Gm) 

associated to the short exact sequence — > L — > [JF G] — > [JF A] — > in 
C^-^''^^{Ab/k). Since 

Hom ^^^y^.CGm, Gm) = Z, Hom_ ^;, /^('G„,, G^) = G^, 

we have JF* ~ Z* © (Ga)* for some t and s. We have an exact sequence 

> Hom^6/fc(-^> '^m) > ^^1-1,0] {Ab/k)i[^ -* '^rn) > ^Xi^b/kiA ^m) > 0, 

Ext \f,/f.(A, Gm) is the dual abelian variety of A, and since 

Hom ^^/^fZ, Gm) = Gm, Hom45/fc(Ga, G^) = G^, 

Hom _4^ /^,(jF, Gm) = (G.m)*©(Ga)'* for some t and s. Hence G* is a commutative connected 
algebraic group over k. Thus [JF* — > G*] is a 1-motive with additive part. The Cartier 
dual of [JF* — >• G*] is canonically isomorphic to [.F — >• G]. 

See |Lat section 5] for details or [Rut section 1] for a review. 

3.3. Let A^i {_! _2} be the full subcategory of A4i consisting of all objects [JF G] such 
that T = 0. 

Let A^i {0,-1} be the full subcategory of A^i consisting of all objects [JF G] such 
that G is an abelian variety. 

Then the self-duality of TVli in 13.21 induces an anti-equivalence between the categories 
-2} and A^i,{o -1}- 

4 Equivalences of categories 

In |Ba] . Barbieri-Viale constructed a Hodge theoretic category and proved that in the 
case the base field is C, the category TVli is equivalent to his Hodge theoretic category. 
Here we reformulate his equivalence in the style which is convenient for us, by using the 
category 7i from section [2J 
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4.1. The category Tii. An object of Tii is an object H oiTi endowed with a sphtting of 
the weight filtration on Ker(i7v' — ^ H^) satisfying the following conditions (i)-(iv). 

(i) iJz is torsion free, P-^Hv = Hy, F^Hy = 0, WqH = H, W.^H = 0. 

11 Kr is a polarizable Hodge structure of weight —1. That is, gi'^iHc = gi^^Hv 
and grf^ifg with the Hodge filtration on gr^^^i^c is a polarizable Hodge structure of weight 
-1. 

(iii) F^T^Hv = gT^Hv. 

(iv) F'^W.2Hv = 0. 

Morphisms of Tii are the evident ones. 

The category Hi is self-dual by the functor Hom( , Z)(l). 

4.2. For a subset A of {0, —1, —2}, let Hi^a be the full subcategory of Hi consisting of 
all objects H such that grj^if = unless w E A. 

The categories ?^i,{-i,-2} and 7Yi,{o,-i} are important for us. These categories are in 
fact defined as full subcategories of H without reference to the splitting of the weight 
filtration on Ker(ify — >■ He), for the weight filtrations on Ker(ify He) of objects of 
these categories are pure. 

Thus Hi^{-i-2} is the full subcategory of H consisting of all objects H satisfying the 
following conditions (i)-(iii). 

(i) Hz is torsion free, F-^Hy = Hy, F^Hy = 0, W.iH = H, W.^H = 0. 

11 gr ^iH is a polarizable Hodge structure of weight —1. 

(iii) F^W-2Hy = 0. 

For example, the Tate twist H\X, of the object H\X, Y^) of H in O belongs 

to 7ii^{_i „2}- 

Similarly, Tii {o -i} is the full subcategory of H consisting of all objects H satisfying 
the following conditions (i)-(iii). 

(i) Hz is torsion free, F-^Hy = Hy, F^Hy = 0, WqH = H, W^2H = 0. 

11 gr "^iH is a polarizable Hodge structure of weight —1. 

(iii) F^gr^Hy = gl^Hy. 

For example, the Tate twist H^{X, F+)(l) of the object H^{X, Y+) of H in O belongs 
to Til, {0-1}. 

The self-duality Hom( , Z)(l) of Hi induces an anti-equivalence between the categories 
Til, {-1,-2} and Til, {0,-1}. 

Theorem 4.3. (This is a reformulation of the equivalence of categories proved by Barbieri- 
Viale in ]Ba^ .) We have an equivalence of categories Hi ^ M.i which is compatible with 
the dualities, and which induces the equivalences 

^1,{-1,0} - -^1,{-1,0}, ^l,{-2,-l} - -Ml,{-2,-l}- 
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The equivalence TYi ~ TWi is given in 14.41 and 14.51 below. 

4.4. First we define the functor Tii M.^. 

Let H be an object of Tii. The corresponding object [JF — > G] oi M.i is as follows. 

G = W_iHj^\W_iHv/F'^W^iHv. 

J-'ini = the formal completion of Ker(grjj^(ify) gT^{Hc))- 

Here J-^t is the etale part of and jFj^f is the infinitesimal part of JF. The homomorphism 
JF = J-'^t © -^inf — > G is given as follows. 

The part jF^t — * C: Let x G JF^t = grjf'-ffz- Since the sequence — W^iH^ — > -f^z — ^ 
gr^Hz — > is exact, we can lift x to an element y of Hz and this lifting is unique modulo 
W-iHz. Since the sequence F^iy^iify ^ F'^Hv F^gr^Hy is exact, we can 
lift X to an element z of F^Hy and this lifting is unique modulo F^W^iHy. Note that 
y — z E W^iHy. We have a well-defined homomorphism 

.Fet = grS^i/z ^ W^iHj\W-iHy/F'^W.iHv = G-x^y-z. 

The part jFj^f G: Note that Hom(jFinf, G) is identified with Home ( Lie (jFj^f), Lie(G)). 
We give the corresponding homomorphism Lie(jFinf) = Ker(grjj^(ifv') ~^ g^cf (-f^c)) 
Lie(G) = W.iHy/F'^W.iHy. Let x G Ker(gr^(i7v') ^ gT^{Hc)). The given splitting of 
the weight filtration on KeT{Hy H^) sends x to an element y of Ker(ify — > -ffc)- Since 
the sequence — *• F^W^iHy — > F^Hy — > F^gr^j^ify — >■ is exact, we can lift x to an 
element z of F^Hy and this lifting is unique modulo F^W^iHy. Note that y— 2; G W^iHy. 
We have a well-defined homomorphism 

Ker(grS^i7v ^ gr^^^c) W^.Hy / F^'W^^Hy = Lie(G) ; x ^ y - ^. 

4.5. We give the functor AAi Hi. 

Let [JF ^ G] be an object of A4i. The corresponding object i7 of Tii is as follows. 
Let 0— >L— >^y4-^0be the exact sequence of commutative algebraic groups where 
A is an abelian variety and L is affine. Let J-'^t be the etale part of J-' and let JFj^f be the 
infinitesimal part of JF. 

First, Hi is the fiber product of J-'^t ^ G ^ Lie(G) where Lie(G) ^ G is the 
exponential map so we have a commutative diagram of exact sequences 

^ Hi{G,Z) ^ Hz _ J-,, ^ 

^ Hi{G,Z) Lie(G) ^ G ^ 0. 
The weight filtration on Hz is given as follows. 

WoHz = Hz, W.iHz = Hi{G, Z), 
W.2HZ = Hi{L,Z) = Ker(i7i(G,Z) ^ Hi{A,Z)), W.^Hz = 0. 

Next, 

Hv = He® Ue{La) © Lie(J^inf) 
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where La is the additive part of L. The weight filtration on Hy is as follows. 

WqHv = Hv, W.iHv = Hi{G, C) © Lie(L,), 

W.2Hv = Hi{L, C) © Lie(L,), W.^Hy = 0. 

The splitting of the weight filtration on Ker(ify — > He) = Lie(La)©Lie(jFinf) is defined 
to be this direct decomposition. 

The Hodge filtration on Hy is given as follows. 

F ^Hy = Hy, F^Hy = 0, 

F^Hy = KeiiHy Lie(G)) 

where Hy — >■ Lie(G) is defined as follows. The part He Lie{G) of it is the C-linear 
map induced by the canonical map Hz Lie(G). The part Lie(La) Lie(G) of it is 
the inclusion map. The part Lie{J-'i^i) Lie(G) of it is the homomorphism induced by 
Jlnf ^ G. We have hence Hy/F^Hy = Lie(G). 

It is easy to see that this functor TWi — TYi is quasi-inverse to the functor Hi Aii 
in 1131 

4.6. The induced functor 7ii,{-i,-2} -^i,{-i,-2} is especially simple. It is 

H ^[0^ HzXHy/F'^Hy]. 



5 Generalized Albanese varieties 

Let k be an algebraically closed field of characteristic and let X be a proper smooth alge- 
braic variety over k of dimension n. We review generalized Albanese varieties AlbjF(X) de- 
fined in [Ru0. For an effective divisor Y on X, the generalized Albanese variety Alb(X, Y) 
of modulus y is a special case of Albjc-(X). 

The Albanese variety Alb(X) is defined by a universal mapping property for morphisms 
from X to abelian varieties. Similarly, the generalized Albanese variety Alb(X, Y) of 
modulus Y is characterized by a universal property for morphisms from X — Y into 
commutative algebraic groups with "modulus" < Y. See Prop. 15.61 

5.1. Let Div y be the sheaf of abelian groups on Ab/k defined as follows. For any com- 
mutative ring R over k, Div y (R) is the group of all Cartier divisors on X ©^ i? generated 
locally on Spec(i?) by effective Cartier divisors which are fiat over R. Let Pic y be the 
Picard functor, and let Picx Pic y be the Picard variety of X. We have the class map 
Div y — > Pic y. Let Div y C Div y be the inverse image of Pic y. 

5.2. Let A be the set of all subgroup sheaves of Div y such that JF = Z* © {GaY for 
some t and s. For e A, we have an object [J-' — *• Pic^] of A^i,{o,-i}- The generalized 
Albanese variety Alb;r(X) is defined in |Ruj to be the Cartier dual of [JF — > Pic^]. It is 
an object of 7Vli,{_i,_2} and hence is a commutative connected algebraic group over k. 

If JF, JF' G A and JF c JF', we have a canonical surjective homomorphism Albjc-/(X) 
Alb^(X). In the case T = 0, Alb^(X) = Alb(X). 

^In [Ru] . X was assumed to be projective. This assumption was used only for singular X, which is not 
our concern here. The construction of the Alhjr(X) is vahd in the same way for proper X. 
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5.3. Let Y be an effective divisor of X . Then the generahzed Albanese variety with 
modulus Y is defined as Mbjr[X) where JF = J^x,y G A is defined as follows. The 
etale part J-'et of JF is the subgroup of Div^(/c) consisting of all divisors whose support is 
contained in the support of Y . The infinitesimal part jFi^f of is as follows. Let / be the 
ideal of Ox (though the notation Ox is often used in this paper for the sheaf of analytic 
functions, Ox here stands for the usual algebraic object on the Zariski site) defining F, let 
Ji be the ideal of Ox which defines the reduced part of F, and let J = 11^^ C Ox- Then 
jFinf is the formal completion Ga ®fc H^{X, /Ox) of the finite dimensional fc-vector 
space H^{X, J~^/Ox), which is embedded in Div^ by the exponential map 

exp : Ga®kH''{X,J-'/Ox)^mA- 

If Y' is an effective divisor on X such that Y' > Y, then J-'x,y C Tx:y' and hence we 
have a canonical surjective homomorphism Alb(X, F') Alb(X, F). In the case F = 0, 
Alb(X,F) = Alb(X). 

In the case X is a curve, Alb(X, Y) coincides with the generalized Jacobian variety 
J(X, y) of X with modulus Y as is explained in [Rut Exm. 2.34]. 

5.4. As in |Ruj . for JF g A, we have a rational map 

a^-.X^ Alb^(X) 

which is canonically defined up to translation by a A;-rational point of Alb;F(X). If JF' g A 
and T C JF', then ajr and ajn are compatible via the canonical surjection Albjc-/(X) 
Alb^(X). 

For an effective divisor Y on X, we denote the rational map oltxy simply by axy- 
In Prop. 15.61 (2) below, we give a universal property of axy '■ X Alb(X, Y) concerning 
rational maps from X to commutative algebraic groups. This property follows from a 
general universal property of ajr : X —>■ Albjr(X) obtained in [Ru], as is shown in 15.71 
below. 

5.5. Let G be a commutative connected algebraic group over k and let : X — >^ G be a 
rational map. We define an effective divisor mod{(p) on X which we call the modulus of 

We treat X as a scheme. This divisor mod{ip) is written in the form mod^,(v9)^' , 
where v ranges over all points of X of codimension one and mod^(v9) is a non- negative 
integer defined as follows. 

Let 0— >-L— >Obe the canonical decomposition of G and take an isomor- 
phism 

(1) ^ [GaY 

where La is the additive part of L. 

Let K be the function field of X, and regard ip as an element of G{K). Since the 
local ring Ox,v of X at f is a discrete valuation ring and since A is proper, we have 
-^{Ox^v) = ^{K). By the commutative diagram of exact sequences 

^ L{Ox,v) ^ G{Ox,.) -> A{Ox,v) ^ 

n n II 

^ L{K) G{K) A{K) 0, 
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we have G{K) = L{K)G{Ox,v)- Write G G{K) as 

(2) <^ = lg with / e L{K) and ^ G ^(Ox.t;), 

Let {lj)i<j<s be the image of / in {GaY{K). 

If (f belongs to G{Ox,v), we define modv{ip) = 0. Assume ip does not belong to 
G{Ox,v)- Then we define 

mod^(V9) = 1 + max({— ordi,(/j) | 1 < j < s} U {0}). 

This integer mod.u{(f ) is independent of the choice of the isomorphism (1) and of the choice 
of the presentation (2) of ip. 

For example, if G = Gm, modt,((y9) is if the element (p of G{K) = belongs to 
O^^, and is 1 otherwise. If G = Ga, modt,(v9) is if the element ip of G{K) = K belongs 
to Ox.v, and is m + 1 if has a pole of order m > 1 ai v. 

Proposition 5.6. Let G be a commutative connected algebraic group over k and let ip : 
X G be a rational map. 

(1) For a dense open set U of X, ip induces a morphism U ^ G (not only a rational 
map) if and only if the support of mod{ip) does not meet U . 

(2) Let Y be an effective divisor on X . Then the following two conditions (i) and (ii) 
are equivalent. 

(i) There is a homomorphism h : Alb(X, Y) ^ G such that ip coincides with 
h o ax,Y modulo a translation by G{k). 

(ii) mod(v9) < Y. 

Furthermore, if these equivalent conditions are satisfied, such homomorphism h is 
unique. 

It is easy to prove (1). The proof of (2) is given in 15.81 below after we review results 
on Alb^(X) from [Ruj . 

5.7. We review a general universal property of Albjc-(X) proved in |Ru] concerning rational 
maps from X into commutative algebraic groups. 

Let y9 : X — i> G be a rational map into a commutative connected algebraic group G, 
and let L be the canonical connected affine subgroup such that the quotient G/L is an 
abelian variety. One observes that ip induces a natural transformation : L"^ ^ Div *^ 
(see |Rul section 2.2]), where = Hom_ 4j,/^(L, G^) is the Cartier dual of L. It is shown 
in [Rut section 2.3] that if g A, there is a rational map ajr : X Alb;r(X) for which 
the corresponding homomorphism r^^ : — > Div *^ coincides with the inclusion map, and 
such rational map a^r is unique up to translation by a fc-rational point of Albjr(X). For a 
rational map ip : X —>■ G into a commutative connected algebraic group G and for JF g A, 
there is a homomorphism h : Albjr(X) —>■ G such that / coincides with h o ajr up to a. 
translation by G{k) if and only if the image of the homomorphism r^p : L"^ Div *^ is 
contained in JF. Furthermore, if such h exists, it is unique. 

Moreover, any rational map ip : X ^ G into a commutative connected algebraic 
group G coincides with /i o a^r up to a translation by G{k) for some g A and for some 
homomorphism h : Albjr(X) G. This is because there is always some JF G A which 
contains the image of ^ Div°y. 
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5.8. We prove Prop. 15. 6[ By 15.71 we find that condition (i) of 15.61 (2) is equivalent to 
(i') im(r^) C Txy- 

Write 

F = ^ e„f 

V 

where v ranges over all points of X of codimension one and G N. Condition (ii) of 15.61 
(2) is expressed as 

(ii') mod^((^) < Ct, for all points v of codimension one in X. 
Fix an isomorphism L = (Gm)* x (Ga)"*. For each point f of X of codimension one, take a 
presentation ip = Ig as in (2) in l5.5t let {l'^j)i<j<t be the image of I in {GmY^K) = {K^Y, 
and as in 15.51 let {lv,j)i<j<s be the image of / in {Ga)^{K) = . Note that 

(a) ip G G{Ox,v) if and only if ^ G „ for 1 < j < t and G Ox,v for 1 < j < s. 
By construction of the transformation T^p in [Ru, section 2.2], we have the following (b) 
and (c). 

(b) The etale part of r<^ 

r^,6t : ^Div°,(A;) 
sends the j-th base of Z* (1 < j < t) to the divisor X]?; o^*i^'(C,j)'^• 
(c) The infinitesimal part of 

has the form 

(«i)i<i<^ ^ exp ^X^fli/jj 

for some fj G T{X,K/Ox) = Lie(Div^) (1 < j < s) such that for any point f of X of 
codimension one, the stalk of fj at v coincides with lyj mod Ox,v 

Condition (i') is equivalent to the condition that the following (i'^t) and (i'mf) are 
satisfied. 

(i'^t) The image of r^^et is contained in the etale part of J^x,y- 

(i'inf) The image of contained in the infinitesimal part of J-'x,y- 

By the above (b), (i'et) is equivalent to the condition that the following (i'et.v) is satisfied 
for any point f of X of codimension one. 

(i',t,.) If = 0, then l',^ G O^, for 1 < j < t. 
On the other hand, by the above (c), (i'inf) is equivalent to 

/, Gr(X, J-'/Ox)iorl<j <s, 
and hence equivalent to the condition that the following (i'inf,!)) is satisfied for any point 
f of X of codimension one. 

(i'inf,„) If = 0, then l^j G Ox,v for 1 < j < s. 

If Cjj > 1, then ord^(/t,j) > 1 — e„ for 1 < j < s. 
By the above (a), for each v, {i'et,v) and {i\ni,v) are satisfied if and only if m.odj;{ip) < e^. □ 

Corollary 5.9. For any G A, there exists an effective divisor Y such that T C Tx,y ■ 

Proof. Let Y = mod(ajF) be the modulus of the rational map ajr : X Albjp(X) 
associated to g A. Then c J^x,y- □ 
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6 Proof of Theorem 



We prove Thm. I1.4[ Let X be a proper smooth algebraic variety over C of dimension n, 
and let Y be an effective divisor on X. Let / be the ideal of Ox which defines Y, let Ji 
be the ideal of Ox which defines the reduced part of Y, and let J = II^ ^ C Ox- 

6.1. Let H^{X,Yj^){1) be the object of ?ii^{o,-i} corresponding to the object [J^x.y 
Pic°(X)] of A<i_{o-i} in the equivalence of categories 14. 3[ Let H'^'^~^{X,Y_){n) be the 
object of 7ii_{_i,_2} corresponding to the object Alb(X, y) of A1i,{-i-2}- 

Since the equivalence of categories in 14.31 is compatible with dualities, we have 

(5) = Hom(iJi(X,r+)(l),Z)(l). 

We prove Thm. [TT^ in the following way. First in l6.3[ we give an explicit description of 
H^{X, From this, by ([5]), we can obtain an explicit description of H'^"'~^{X, Y^){n) 

as in l6.4[ Since Alb(X, Y) corresponds to if^"~^(X, Y^){n) in the equivalence of categories 
7ii,{_i,_2} — A^i,{-i,-2}, we can obtain from 16.41 the exphcit descriptions of Alb(X, F) 
stated in Thm. 11.41 

We define objects H\X,Y+) and of H as follows: H\X,Y+) is the 

Tate twist {H\X,Y+) of H\X,Y+){1), and H'^''-\X,Y_) is the Tate twist 
{H'^^~^{X,Y_){n)){—n) of H'^'^^^(X,Y^)(n). These are natural generalizations of the 
objects of H for the curve case considered in l2.3[ 

6.2. We define canonical C- linear maps 

(6) H\X-Y,C)-^H\X,Ox), 

(7) H''-\X, n^^x) — > H^''-\X - Y, C) 

First assume that Y is with normal crossings. Then by [Dej, we have canonical iso- 
morphisms 

H"^iX -YX) = H^iX, fi^(log(F))), -Y,C) = H"^iX, il'^- log(y))) 

for m G Z, where f2^(log(y)) is the sheaf of differential p-forms with log poles along Y, 
and fi^(-log(F)) = Jl^]^(log(r)). Since Ox = ^^^(log(F)) and fi^ = log(F)), 
we have canonical maps of complexes f2^(log(F)) — > Ox and n] fl*x{—log(Y)). 
These maps induces the maps ([6]) and ([7]) in the case Y is with normal crossings, respec- 
tively. 

In general, take a birational morphism X' ^ X of proper smooth algebraic varieties 
over C such that the inverse image Y' of Y on X' is with normal crossings. Then we have 
maps 

H^'-^X, ^]^) — > i7"-i(X', fi^,) — > H^''-\X' - Y', C) = iff -i(X - Y, C) 

where the second arrow is the map ([7]) for X', and the composition H'"'~^{X,Q^) 
H^^~^{X — Y, C) is independent of the choice of X' — > X. The C-linear dual of ([7]) with 
respect to the Poincare duality and Serre duality gives the map (jH]). The map (jH]) is also 
obtained as the composition 

H\X -Y,C)= H\X' - y, C) — > H\X', Ox') ^ H\X, Ox)- 
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6.3. Let H = //^(X, F+)(l), the object of Hi^{o-i} corresponding to the object [J-'x,y — ^ 
Pic°(X)] of A^i_{o_i}. We describe H. By |BaS] Theorem 4.7 which treats the case Y 
has no multiphcity, we can identify Hz with H^{X — Y, and identify the map He — > 
Lie(Pic°(X)) = H\X, Ox) with the map (ED inO We have Hy = Hc®H^iX, J'^/Ox), 
the maps a : Hq — > Hy and b : Hy He are the evident ones, the weight filtration is 
given by W^H = H, W^2H = 0, 

W^iHq = H\X, Q(l)), W.iHy = H\X, C), 

and the Hodge filtration is given by F~^Hy = Hy, F^Hy = 0, and 

F^'Hy = KeT{H\X - F, C) © H\r^/Ox) ^ H\X, Ox)) 

where the map H^{J^^ /Ox) — > H^i^, Ox) is the connecting map of the exact sequence 
Q-^Ox^ J-^ ^ J-^/Ox 0. 

6.4. Let H = i7^"^^(X, F_)(n), the object of 7Yi^{_i^_2} corresponding to the object 
Alb(X, Y) of -Ml, {-1,-2}- By dSD in 16. 11 we obtain the following description of H from the 
description of H\X^,Y+){1) inIO 

Hz = H^,"-\X - Y, Z)/(torsion), Hy = He® H'^'^X, ni/mi), 

the maps a : H^ — > Hy and h : Hy Hq are the evident ones, the weight filtration is 
given by W^iH = H, W.^H = 0, 

W.^Hq = KeiiHQ ^ H^'^-'iX, Q(n))), W^2Hy = Kei{Hy ^ H^'^-^X, C)), 

and the Hodge filtration is given by F~^Hy = Hy, F^Hy = 0, and 

F'^Hy = Image(i/""i(X, r]^) — > /ff -^(X - F, C) © H^'-^X, n\/jn\)) 

where the map H'^-^X, fi^) ^ if2n-i(^j^_y^ -g (j^jj infejand the map W-\X, VL\) 
H''-\X,VL\/.m\) is the evident one. 

6.5. We prove Thm.01(2). Let H = H^''~\X,Y^){n). Then 

A\h{X,Y)=Hz\Hy/F^Hy 
by I4.6[ Hence the description of H'^^~^{X,Y^){n) in 16.41 proves Thm. [T3](2). 

6.6. As a preparation for the proof of Thm. 11.41 (1), we review a kind of Serre-duality 
obtained in Appendix by Deligne in the book [HaJ. 

Let S' be a proper scheme over a field k, let C be a closed subscheme of S, let U = S—C, 
and let Ic be the ideal of Os which defines C. Assume U is smooth over k and purely of 
dimension n. Let be a coherent O^-module. Then for any p G Z, we have a canonical 
isomorphism 

HP{U,Rnamo^{J^\u,^u)) = limHomfc(/7"-P(X, /^^), A;). 

m 

In the case C is empty and JF is locally free, this is the usual Serre duality 
H\X,nomo^{J^,^x)) = Homfc(/f"-P(X,^),fc). 
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6.7. We start the proof of Thin. O (1). 

Let Cy be the subcomplex of Vt'x defined as 



Cf. = ker(n^ n^) for < p < n - 1, C'^ = Jfi^. 

Proposition 6.8. For p = 2n, 2n — 1, the maps H'p^X — F, C) — Hp(X, Cy) induced by 
the homomorphism j\C — > Cy are isomorphisms. 

6.9. We prove Prop. 16.81 in the case Y = Yi. We have an exact sequence of complexes 

— >Cy, — >Q'x — > — > 0. 

Since the support of ^y^^^ is of dimension < n — 1 and since f^y"~^ has only terms of 
degree < n — 1, we have H^{X, = for p > 2n — 1. Hence 

CyJ ^ H^'^iX, Q'x) = H^'\X, C) ^ Hl''{X - F, C). 

The above exact sequence of complexes induces the lower row of the commutative diagram 
of exact sequences 

i72n-2(x,C) ^ H'^'^-^iYiX) ^ Hf'-^X -YiX) H'^''-\X,C) ^0 

1/2— 2(x,^]^) ^ H^''~\Yi,nfl'~') H^''-\X,Cy,) H^''-\X,9.'x) 0. 

The vertical arrows except possibly the map H^"'~^{X — Yi,C) ~^ CyJ are 

isomorphisms. Hence the last map is also an isomorphism. 

Lemma 6.10. Let Y' and Y" he effective divisors on X whose supports coincide with 
Yi and assume Y' > Y" . Then the canonical map H'^'^-\X,Cy>) //^"-^(X, Cy„) is 
surjective and the canonical map H'^"'{X,Cy') H'^'^^X^Cyn) is an isomorphism. 

Proof. Let = Cyn/Cy,. We have 

NP = Ker(fi^, ^ Q%) for < p < n - 1, A^" = J"^]^ / J'fi^^. 

Here, J' = ri{\ J" = with /' (resp. /") the ideal of Ox which defines Y' (resp. 

Y"). Since the support of is of dimension < n — 1 and has only terms of degree < n, 
we have H'^''{X, N) = 0. Hence it is sufficient to prove if^n-ij^x, A^) = 0. 

Let S be the set of all singular points of Yi. Then S is of dimension < n — 2. Let 
Q*x{log{Yi)) be the de Rham complex on X — S with log poles along Yi — S. Then as is 
easily seen, the restriction of Cy to X — S coincides with IQx{log{Yi)). Let be the 
ideal of Ox defining S (here S is endowed with the reduced structure). For A; > 0, let 
be the subcomplex of N defined by = j^^^^'' P'^^]\fp_ particular, A"o = N. Then if 
k > j > 0, since the support of Nj/Nk is of dimension < n — 2 and Nj/Nk has only terms 
of degree < n, we have H'^''-\X, Nj/Nk) = 0. Hence H^''-\X,Nk) H^^'-^X^Nj) 
is surjective. Applying 16.61 for S = X and C = S yields that lim ^_ H'^^~^{X, Nk) is the 

dual vector space of H\X - S, [{JT^ / {J'T^ ^ {J')-^Qx{logYi)/{J")-^Qxi^ogYi)]). 
Since d : (J')"V(J")"^ ^ (J')"^^^x(logFi)/(J")"^fix(logFi) is injective, the last coho- 
mology group is 0. Hence H'^^~^{X, Nk) = for all A; > 0. In particular, H'^"-~^{X,N) = 
0. □ 
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6.11. We prove Prop. 16.81 in general. By Lemma [6.10[ the map hm^, i?^" ^(X, Cy) 

Cy) is surjective, where Y' ranges over all effective divisors on X whose sup- 
ports coincide with Yi. By l6.6l which we apply by taking S = X and C = F, we have that 
lim^, H^^~^{X, Cy) is the dual vector space of if ^((X — F)zar, ^x-y,aig) where zar means 
Zariski topology and alg means the algebraic version. But H^{{X — ^)zar5 ^x-yaig) — 
H^{X,C)- This proves lim^, H'^''-\X,Cy') = H^''-\X - Y,C)- Hence the map 
if2"-i(x - r, C) ^ H^^-^X, Cy) is surjective. Since the composition H^^'^X - Y, C) 
^ H^''-\X,Cy) H^''-\X,Cy,) = H^'^'^X - YX) is the identity map, the map 
if2"-i(x -Y,C) ^ iJ2n-i(^^ ig isomorphism. 

6.12. We prove (1) of Thm. O Let Sy = Ker(fi^ ^ fif""^). Then Cy C Sy C Cy,. 
We have an exact sequence of complexes 

— >Cy — ^Sy — > fi^/Jfi^[-r2] — > 0. 

Hence we have an exact sequence 

ii2«-i(x, Cy) H^'''\X, Sy) H'''\X, Qx/J^x) H^^'iX, Cy) H^'^iX, Sy). 

Note that for p = 2n, 2n — 1, the compositions 

HP{X, Cy) > HP{X, Sy) > HP{X, CyJ 

are isomorphisms by Prop. 16. 8[ Hence by Prop. 16.81 we have an isomorphism 

H^^'-^x, Sy) = - r, c) © rtx/J^x) 

which is compatible with the maps from H"'~^{X,Qx)- Hence (1) of Thm. 11.41 follows 
from (2) of Thm. O 
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